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SUMMARY
In the past 20 years there has been much interest in the physical and biological sciences
in non-linear dynamical systems that appear to have random, unpredictable behaviour. One
important parameter of a dynamical system is the dominant Lyapunov exponent (LE). When
the behaviour of the system is compared for two similar initial conditions, this exponent
is related to the rate at which the subsequent trajectories diverge. A bounded system with
a positive LE is one operational definition of chaotic behaviour. Most methods for
determining the LE have assumed thousands of observations generated from carefully
controlled physical experiments. Less attention has been given to estimating the LE for
biological and economic systems that are subjected to random perturbations and observed
over a limited amount of time. Using nonparametric regression techniques (neural networks
and thin plate splines) it is possible to estimate the LE consistently. The properties of these
methods have been studied with simulated data and are applied to a biological time series:
marten fur returns for the Hudson Bay Company (1820-1900). On the basis of a
nonparametric analysis there is little evidence for low dimensional chaos in these data.
Although these methods appear to work well for systems perturbed by small amounts of
noise, finding chaos in a system with a significant stochastic component may be difficult.
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1. INTRODUCTION

In the past 20 years much interest has been generated in the physical and biological
sciences by deterministic mathematical systems that appear to have random,
unpredictable behaviour. These kinds of phenomenon, spanning a diverse range of
fields, have been collected under the common heading of chaos. Models for chaotic
behaviour are important because they suggest a parsimonious representation for
systems following seemingly complex behaviour. Also, the chaotic nature of a system
puts limits of the predictability of the future behaviour from past history. These limits
are present even in the absence of any random components. This paper discusses the
statistical analysis of dynamical systems based on estimating the dominant Lyapunov
exponent \. When the behaviour of the system is compared for two similar initial
conditions, A is related to the rate at which the subsequent trajectories diverge. A
bounded system with A>0 is one operational definition of chaotic behaviour. Data
analytical methods developed over the last decade in theoretical physics (Schuster,
1988; Mayer-Kress, 1986) have concentrated on very large data sets generated from
carefully controlled physical experiments. Less attention has been given to estimating

T Address for correspondence: Department of Statistics, Box 8203, North Carolina State University, Raleigh,
NC 27695-8203, USA.

©1992 Royal Statistical Society 0035-9246/92/54399 $2.00



400 NYCHKA, ELLNER, GALLANT AND McCAFFREY [No. 2,

\ for systems subjected to random perturbations and observed over a limited amount
of time. These constraints are relevant for many biological and economic systems
and thus we are interested in the feasibility of statistical methods when the dynamical
information is limited by sample size and masked by noise.

Traditionally chaos has referred only to purely deterministic systems and has been
considered a distinct alternative to stochastic modelling (Farmer and Sidorowich, 1988).
Ruelle (1989), however, defines a system to be chaotic if it exhibits sensitive dependence
on initial conditions for all initial conditions. Such sensitivity distinguishes chaotic
from non-chaotic systems. We have found this general definition useful because
particularly in ecological or epidemiological systems there is no a priori evidence to
suggest a strictly deterministic model. By focusing on the dominant Lyapunov exponent
we can fit dynamic models to time series and estimate the degree to which fis chaotic,
without the presupposition that the system is deterministic.

Given a times series we propose to estimate the Lyapunov exponent by using
nonparametric regression. We assume that the data {x,} are generated by a non-linear
autoregressive model

X =f -1 Xi—as + « s Xi_a) & I<IKN, (1.1a)
or more generally
Xe=firs Xioars « - o Xi—aL) + €, I<ISN. (1.1b)

Here x,€R, fis a smooth, unknown function and {e,} are a sequence of independent
random variables with E(e,)=0 and var(e,) = o>.

An autoregressive model for chaotic data may be motivated by Takens’s theorem
from dynamical systems theory: a deterministic chaotic system U(?) = (4, (¢), u,(?),
..., u,()) on an attractor with dimension D < o generically satisfies an equation
of the form

x(0)=f{x(t—L), x(t-2L), x(t—dL)}

for any d>2D+ 1 and L >0, where x is any one of the variables u;, u,, . . ., u,, (see
Eckmann and Ruelle (1985) for a precise statement of the theorem). This result is
important because it suggests that time lags of a single variable can serve as surrogates
for the unobserved variables of the system. Data analyses based on this result include
the widely used method of ‘attractor reconstruction in time-delay co-ordinates’
(Schuster, 1988). Thus our basic model (1.1) is a generalization of attractor
reconstruction to allow for random perturbations. Under the broader definition of
chaos cited above, systems like model (1.1) may be chaotic.

In Section 2 we review the properties of Lyapunov exponents and compare this
measure of a dynamical system with the dimension of the attracting set. Section 3
describes two nonparametric regression estimates of fin model (1.1) and these estimates
are used to derive estimates of . Section 4 evaluates the performance of these methods
for simulated data and Section 5 compares these methods on a short biological time
series: marten fur returns for Northern Canada from 1820 to 1900. The last section
discusses these results from the simulations and the data analysis.

2. QUANTIFYING DYNAMICAL PROPERTIES OF A SYSTEM

To follow a system in time it is useful to think in terms of a map acting on a state
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vector. Let X7 =(x;, . . ., X,_a+1), Ef=(e;, 0, . . ., 0) and define the map function
F: RY>R¥ such that

X =F(X,_1)+E, 2.1)

is a model equivalent to equation (1.1a). This form makes it clearer how the system
evolves over time and the sequence of state vectors, {X,}, 1 <f<N, will be referred
to as the system’s trajectory. One basic feature of a chaotic system is that for arbitrarily
close state vectors the resulting trajectories will diverge at an exponential rate. To
illustrate this it is first necessary to discuss the set traced out by a trajectory.

2.1. Attracting Sets
For a deterministic dynamic system given by equation (2.1) with E,=0, let &/
denote a set with the following properties:

(a) if X€ o/ then F(X) € &,
(b) if X, is sufficiently close to 27 then distance (X,, &)—0 as {— .

Because of the second property, &7 is called an attractor: trajectories starting near
the attractor converge on to it and their subsequent motion is confined to the attractor.
(However, it is difficult to give a formal mathematical definition of attractors that
can apply in all cases, and less restrictive definitions are often used; see Guckenheimer
and Holmes (1983).) For deterministic chaotic systems, the attractor will often be
a complicated set with a fractional dimension. Because of this correspondence, the
identification of chaos in observational data may focus on dimension estimates based
on the set of observed state vectors. One problem with this approach is that dimension
estimates are sensitive to the amount of noise in the system; this difficulty will be
illustrated by considering a simple system without and with noise.

Fig. 1 is an example of the attractor for a simple deterministic system that will
be referred to as the cosine map (a relative of the Hénon map):

Xx;=c0s(2.8x,_,)+0.3x;_,.
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Fig. 1. Attractor for the deterministic cosine map system (o =0): plotted are the state vectors (x,_;, X;)
for 1000 iterations for the cosine map defined in Section 2.1; the starting point for this sequence was
obtained by first iterating the map from an arbitrary starting value several thousand times; the dominant
Lyapunov exponent is approximately 0.5 and the correlation dimension is approximately 1.2
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X(t)

Fig. 2. Attractor for the cosine map with noise: plotted are the 1000 state vectors for the cosine map
with additive N(0, 0.22) perturbations (see model (1.1)); in this case the dominant Lyapunov exponent
has been estimated to be approximately 0.35

Note that in the vector formulation the state vectors are only two dimensional and
thus it is easy to depict the trajectories of this system. We see that the attractor is
a bounded set with complicated structure; using a series of 2500 values the correlation
dimension was estimated to be approximately 1.2. Fig. 2 is a similar plot of the attractor
when a random component is added to the system as in equation (1.1). In this case
{e;} are independent N(0, 0.2?) random variables. Figs 1 and 2 indicate that the
attractor changes dramatically when noise is added. The deterministic system yields
an unusual set with fractional dimension and Lebesgue measure 0. Owing to the
blurring by the random component, in the mixed system the attractor is a two-
dimensional set. Consequently, the use of dimension estimates to identify a chaotic
element may be ambiguous. Correlation dimension estimates for moderate distance
scales may be fractional but will tend towards 2 as the distance scale decreases. The
reader is referred to Smith (1992) for a discussion of correlation dimension estimates
and modifications to adjust for noise.

2.2. Sensitive Dependence on Initial Conditions

The attractor is a static object and the dimension of this set does not directly quantify
the dynamic behaviour of the trajectories. An alternative to studying the attractor
is to consider the evolution of trajectories. Figs 3 and 4 are panels of plots that follow
500 points with similar initial conditions through 40 iterations of the cosine map.
The second set (Fig. 4) includes a random component, with the same realization {e,}
of random shocks for all the trajectories. In either case, although the initial state
vectors are distributed in a small circle, subsequent iterations of the map rapidly
distribute these points uniformly over the attracting set. By 20 iterations the positions
of these state vectors carry little information concerning their common origin and
are essentially independent. Note that the deterministic system tends to map these
points into the characteristic pattern of the attractor (cf. Fig. 1). The trajectories
associated with the noisy system do not appear to converge to a fixed set because
a new random shock is added with each iteration. However, the pattern of these points
is suggestive of the stable distribution depicted by the attracting set for the noisy system
in Fig. 2.
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Fig. 3. Action of the deterministic cosine map on the cohort of state vectors, ,: the figure traces
the action of the cosine map on 500 state vectors initially clustered at (0, 0); the cohort of state vectors
are plotted at (a) =0, (b) t=35, (c) t=10, (d) t=15, (e) =20 and (f) r=40



